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We show that local/semilocal strings in Abehan/non-Abehan gauge theories with critical couplings 
always reconnect classically in collision, by using moduli space approximation. The moduli matrix 
formalism explicitly identifies a well-defined set of the vortex moduli parameters. Our analysis of 
generic geodesic motion in terms of those shows right-angle scattering in head-on collision of two 
vortices, which is known to give the reconnection of the strings. 



Introduction. — The issue of reconnection (intercom- 
mutation, recombination) of colliding cosmic strings at- 
tracts much interest recently (see 9)' owing to the 
fact that the reconnection probability is related to the 
number density of the cosmic strings, which is strongly 
correlated with possible observation of them. However, 
solitonic strings may appear in numerous varieties of field 
theories, which certainly makes any prediction compli- 
cated. In this Letter, we employ the moduli matrix for- 
malism [4] to show that, in a wide variety of field theories 
admitting supersymmetric generalization, inevitable re- 
connection of colliding solitonic strings {i.e. reconnection 
probability is unity) is universal. The inevitable recon- 
nection of local strings in Abelian Higgs model Q (see 
also P) has been known for decades, and for non- Abelian 
local strings in U{Nc) gauge theories with Np{— Nq) fla- 
vors, this universality was found in Q by a topological 
argument. Here, via a different logic and explicit compu- 
tations, we show the concrete dynamics of the inevitable 
reconnection (note that \f\ does not describe dynam- 
ics). Furthermore, our results extend the universality to 
semilocal strings {Nq < ^f), which is consistent with 
recent numerical simulations Q ([l3|)- Stable semilocal 
strings are realistic and generic in many supersymmetric 
grand unified theories [2] and cosmologies [3|. 

The reconnection of the vortex strings can be under- 
stood [5| as right-angle scattering of vortices in head-on 
collisions [ll| appearing in a spatial slice. We use mod- 
uli space approximation where the motion of the strings 
is slow enough, to find universal right-angle scattering 
of vortices on two spatial dimensions. The moduli ma- 
trix formalism (3] gives a well-defined set of moduli co- 
ordinates, and with that the analysis of the motion is 
quite simple and robust. Our results will be a basis for 
further analyses on coupling to gravity and application 
to cosmology, and possible comparison against cosmic 
super /D-strings [1, [ll [ll . 

Non- Abelian vortices. — We deal with U{Nc) gauge 
theory coupled to N-p Higgs fields H {Nq x iVp matrix) 



in the fundamental representation. Its Lagrangian is 

2 

4~ 



Tr 



The Higgs self-coupling is put equal to the gauge coupling 
g (critical coupling) so that the theory admits supersym- 
metric extensions. In the following we set c > to en- 
sure stable vortex configurations. The vortex equations 
for strings extending along the x^-axis are 
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(1) 



where z = -Vix^ . k vortex solutions saturate the Bogo- 
mol'nyi energy bound £ > 2'Kck. The moduli matrix for- 
malism provides a method to identify moduli (collective 
coordinates) of the solitons and to describe the dynam- 
ics of the solitons by collective motion. Once the moduli 
matrix Hq{z) which is an Nc by Np holomorphic matrix 
with respect to z is given, one can solve the equations ^ 
as llHIll 



H = S-^Ho{z), Ai -f iA2 = -2iS-^d,S., 
9' 



(2) 



d,Xn~'d,n) = [cInc - ^-'HohIJ , (3) 

where S{z,z) takes value in GL{Nc,C) and H. = 
S{z,z)S''{z,z) is a gauge invariant quantity. Equation 
(III), called the master equation, is assumed to allow the 
unique and smooth solution for any given Hq. (This 
was rigorously proven for the cases of the Abelian gauge 
group and of vortices on Ricmann surfaces. For gen- 
eral case of vortices on C, it is consistent with the in- 
dex theorem fl^). Elements of Hq are polynomial func- 
tions of z and their coefficients are nothing but the mod- 
uli parameters. The moduli space of the solitons is pa- 
rameterized by these moduli. The degree of det(iJo-ffc)) 
equals the vortex number k. In this Letter we use 
fc = 2 for describing collision of two vortex strings. We 
need to fix the ^-equivalence relation {S{z, z), Ho{z)} 
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{V{z)S{z,z),V{z)Hq{z)} with V{z) € GL(fc,C) to get 
rid of unphysical redundancy. After this fixing, the mod- 
uh matrix Hg including 2kN-p independent parameters 
corresponds, by one-to-one, to a physical configuration. 

The universal reconnection is shown based on the fact 
that the moduli parameters linear in Hq (see ^ below) 
cover the whole moduli space only once. This ensures 
that our analysis is generic and that the moduli metric is 
smooth and non- vanishing. The Kiihler potential of the 
effective theory of the moduli parameters was derived in 

K = Tt j(fz(c\ogn + c-^n-^HoHl + 0{l/g'^)Y (4) 

This Kahler potential can be thought of as an action func- 
tional for fi: the equation of motion for $7, 5K/5^ = 0, 
is identical with the master equation ([3]). The smooth- 
ness of the solutions guarantees the smoothness of the 
Kahler potential and the absence of ultra-violet diver- 
gence. Infra-red divergence of (|4]) can exist as non- 
normalizable modes, which will be discussed later. The 
one-to-one correspondence between Hq and the physical 
configurations implies non-vanishing metric in terms of 
well-defined parameters. 

Reconnection of non-Abelian local strings. — We 

deal with the local strings {Nq — Np), followed by the 
semilocal strings {Nc < Np). We will find that essen- 
tial feature can be captured in the case Nc — Np — 2. 
Single vortex (fc = 1) moduli space is C x CP^ with C 
the position of the vortex string in z-planc and CP^ the 
orientational moduli concerning the internal color-fiavor 
space 0, [l8| , while the moduli space of separated two 
{k = 2) vortices is a symmetric product (C x CP^)'^ /&2- 
The reconnection problem is related to how they collide 
in the full k = 2 moduli space, parameterized by the 
moduli matrices 



H, 



(0,2) _ I 1 -az - b 
z'^ — az~P 



^(1,1) _ 



z — cf) —rj 

— f] Z—(j) 



(5) 



The superscripts label patches covering the moduli space, 
but one more patch (2,0) is needed to cover the whole 
manifold. Since the (0,2) patch covers all the moduli 
space except lower-dimensional submanifolds, this is suf- 
ficient for computing the reconnection probability. The 
moduli space of the two coincident vortices in this the- 
ory has been studied in 0, [H, [l^l and found to be 
C X VFCP(2 ^ ^) ~ C X CPVZ2, which any collision of 
strings goes through. The locations zi and Z2 of the vor- 
tices and the orientation vectors 0i and 4>2 of the internal 
moduli for each vortex are determined by 



detiJo = (z - zi)(z - Z2), Ho{z ^ Zi 



0. (6) 



We parameterize the vectors as (t>i — (fei,!)""" with bi — 
azi -\- 6, and the relations to the original parameters are 

, b2Zi-biZ2 , , 

a — , , a = zi^-Z2, p — —z\Z2- (7) 



Physical meaning of the parameters {zi,bi) is clear, but 
they can cover only the subspace zi ^ Z2 because the 
relations ([7]) are not defined at zi — Z2. 

Let us consider slow motion of the moduli parame- 
ters, d la Manton 2l|, to show the universal right-angle 
scattering in the vortex collision. We have to use the 
parameters (0,6,0;,/?), not (2^,6^), because, as we have 
shown, the moduli space metric with respect to the for- 
mer parameters (which appear linearly in the moduli ma- 
trix Hq) is smooth and non- vanishing. With these "well- 
defined" parameters of the moduli space, at least for a 
certain period of time around the collision moment, one 
can approximate the moduli motion as linear functions 
of t (since the coordinates are subject to free motion): 

a = ao + eit + 0{t^), 5 = 60 + ejt + ©(t^), (8) 
a = Q + 0{t^), f3 = e3t + 0{t^), (9) 

where e^, oq and bo are constant. Here a is the center of 
mass of the vortices (see the later discussion for identi- 
fying the decoupled center-of-mass parameter), and thus 
set to be zero around t = 0. We have used a time trans- 
lation so that a constant term in f3(t) vanishes. This is 
equivalent to choose the collision moment as i = 0. 

Physical interpretation of the motion ([5]) and ^ can 
be extracted by looking at the solution in terms of Zi and 
bi. From ([7]), we obtain 

e)(t3/2), 



-Z2 = Vest 



b, ^ bo + i-iy-^aa^ + 0{t). 



Z\-Z2 



Z\-Z2 



(10) 
(11) 

The first equation shows that the vortices are scattered 
by the right angle; since the time dependence is when 
time varies from negative to positive, the vortex moves 
from the imaginary axis to the real axis. As stressed 
before, this right-angle scattering means that the vortex 
strings are reconnected. So, generic collision results al- 
ways in reconnection. 

When flo = in (fTTjl , the orientational moduli for each 
vortex coincide, which corresponds to a reduction to the 
case of the Abelian-Higgs model. Here we have shown 
that even when ao 7^ and the non-Abelian strings have 
different orientational moduli at the initial time, as they 
approach each other in the real space, the internal mod- 
uli approach each other; in particular, bi experiences the 
right-angle scattering, too. This is the only consistent 
solution to the moduli equations of motion, with generic 
initial conditions. Note that this understanding comes 
from the re-description in terms of bi and z^, while the 
true and correct motion in the moduli space is deter- 
mined by the moduli parameters (a, 6, a,/3), which have 
linear dependence in t. 

Although we have shown (by using the (0,2) patch) 
that the reconnection probability is unity, it is instruc- 
tive to look at the other patches to see what happens 
in the submanifold(s) of the moduli space which cannot 
be described by the (0,2) patch. In fact the submanifold 
includes the Z2 singularity of the CP^/Z2. This corre- 
sponds to the situation where the vortices sit in two de- 
coupled C/(l) sub-sectors of the C/(2) in the original field 
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theory and where strings should pass through each other 
in coUision in that special case. In the (1,1) patch, the 
condition for coincident vortices, namely detHo = z^, 
reads 



(12) 



which can be parameterized by X and Y through XY — 
-cj) = 4>,X^ = r], Y^ = -f]. The symmetry (X, Y) - 
(— X, —Y) is manifest [13] • Note that the orbifold singu- 
larity X = Y = {) {ri = (l) = fj = <j) = 0) is present only in 
the submanifold zi = Z2, while the full moduli space is 
smooth. One can confirm this by computing the Kahler 
potential explicitly around the origin of the (1,1) patch, 
K = 27rc(|0p-|-|^p-|-|77p-|-|77p)-|-higher, which shows that 
there the metric is smooth and non- vanishing. Going to 
the {X, Y) coordinates on the submanifold, we obtain a 
metric of a Z2 orbifold, K cx (|X|2 + |r|2)2. 

Let us study geodesic motion on the moduli space to 
see the reconnection. After imposing the center-of-mass 
condition zi = —Z2, we obtain the motion of the moduli 
parameters 

<j>^-4> = -XY + sit + 0{t^), (13) 
Tj = X^ + S2t + 0{t^), f] = + sst + 0{f ), (14) 

where X, Y and si^2.3 are constant. We have chosen the 
collision moment to be f = 0, so that the constant terms 
in the above satisfy the constraint (fT2|) . The orientational 
moduli bi are obtained as bi = rj / {zi — 4>) . 

From this generic solution of the equations of motion, 
we compute (for jXp + |y|2 ^ 0) 



Zl 



= —Z2 = +rifi = ^/si 



b^ = XY-^ + {-IfY- 



Oit), 



(15) 
(16) 



where s = ~2siXY+S3X'^—S2Y'^ . Therefore, we confirm 
the generic reconnection for s 7^ 0. The condition s = 
is equivalent to 63 = in the analysis of the (0,2) patch, 
because among the patches we have a relation (3 = 7]!) — 
— st. s — — Q can be achieved only by finely tuned 
initial conditions, so we are not interested in it. 

When X = Y — Q (this point is not covered by the 
(0,2) patch, so the identification s = 63 fails), we obtain 



Zl = -Z2 - ^Sl + S2S3 t + 0(t3/2), (^7) 

h = sis-^ + {-iy-^s-^^sl + S2S:i + 0{t^'^), (18) 

which shows no reconnection. Note that this finely tuned 
collision allows constant non-parallel orientations 61 7^ 
&2 at the collision, in contrast to the general case pT|) 
(fT6|) where bi = 62 at t = 0. One observes that the 
reconnection is intimately related to the parallelism of 
the orientation vectors bi, as is along the intuition. But 
the significant is that parallel bi at the collision moment 
follows from generic initial conditions, which is clarified 
here in the explicit computations in the moduli matrix 
formalism. 



For Nq = N-p > 2 (the orientational moduli space is 
QpA'c-i')^ the same argument finds that the probability 
is unity. The moduli matrix of (0, • • • , 0, 2) patch is 



(O,--- ,0,2) 




/3 



(19) 



The center-of-mass parameter is identified with a and we 
put it zero. Then, we have /3 — zf, and the solution of the 
equation of motion for /3 is the same as (jH]), after the time 
translation. Finally we have pO)) . therefore we conclude 
that reconnection occurs, irrespective of the other moduli 
parameters a and b. Because the (0,0,- • • ,2) patch cov- 
ers generic points of the moduli space, the reconnection 
probability is unity. The results are completely consis- 
tent with 7] which used a different logic though. 

Reconnection of semilocal strings. — We shall show 
that the reconnection probability is unity also for the 
semilocal strings, Nc < Np. We follow the same logic 
and find that it applies to rather generic theories, showing 
universality of reconnection. It is enough to show this 
for the simplest example with Nc = 2 and Np = 3. The 
moduli matrix is [4^ 



Hn = 



1 —az 

z2 



b —ad 
az — P dz + e 



(20) 



In the following, we shall show that (i) even in this semilo- 
cal case the center-of-mass coordinate is a and thus put 
to be zero, and (ii) the parameter d (which is associ- 
ated with the size of the vortex) and the combination 
bd+ae+ada are non-normalizable and put to be constant. 
Using these facts, the logic leading to the reconnection 
is the same for the remaining normalizable parameters: 
Zl — VP = Veil. We find the universality in recon- 
nection. Note that the additional moduli parameters ap- 
pearing from the extra flavors, d and e, does not play any 
role in showing the reconnection. This is clearly the same 
for more general non-Abelian semilocal strings. With the 
help of the moduli matrix, one can also show that the re- 
connected semilocal strings have the same width, which 
is expected from a geometrical viewpoint. 

Let us identify the non-normalizable modes by study- 
ing possible infra-red divergence in the Kahler potential 
The asymptotic boundary condition for the master 
equation ([3]) is 17 ^ {1/c)HqHq, and using the expression 
of Ho ([20|) . we find only the first term in ^ is relevant. 
After a Kahler transformation, K is evaluated for large 



K 



d^z log 



\bd 



adaY 



\zY 



c Jd^z 

2TTc(\d\ 



\dY + \bd + ae + ada^ 
+ \bd + ae + adaf) logL 



(21) 



where in the last expression we introduced a cut-off ra- 
dius L{—> 00). This divergence shows that the parameter 
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d and the combination bd+ae+ada are non-normalizable. 
We have to fix these modes to be constant, so that the 
effective Lagrangian is finite. In other words, motion 
of these parameters is frozen because the kinetic term 
of those diverges and any motion costs infinite energy. 
Other parameters are normahzable, oppositely to the sin- 
gle vortex case 



22| 



Next, we provide a method to determine the center-of- 
mass parameter, which is decoupled from the others. We 
write the moduli matrix in the following form, 



1 — a(z — Z3) —ad 
(z — zi)(z — Z2) d{z — z^) 



(22) 



in which the parameters are not the "well-defined" pa- 
rameters. In this form, there is a translation symmetry 
z ^ z + S, Zi Zi + 6. Let us assume that zq, which is 
a linear combination of zi, Z2, Z3 and Z4, is the center- 
of-mass parameter. The other two parameters indepen- 
dent of Zq should be selected properly from the three 
z- = Zi — Zq {i = 1,2,3,4). We compute the metric 
from the Kahler potential, for this set of independent 
coordinates. The complete decoupling of zg from the re- 
maining parameters is ensured if the metric component 
(jfjo = S'^K/Sz'^Szq vanishes. We can compute it as 



5 f 5 



dzK, (23) 



where K is the integrand of the Kahler potential, and we 
used the fact that zq dependence in K is always through 
the combination z—zq. The explicit expression (|22p gives, 
after an appropriate Kahler transformation, for large |z|, 



— fdzc\og[l- 



Attc- 



5 Z1 + Z2 



5z' 



Vanishing of this means that z[ is orthogonal to the com- 
bination zi + Z2, which shows that the center-of-mass 
parameter is zq = (zi + Z2)/2 = a/2. This result is non- 
trivial, because there are other dimensionful parameters 
2:3 and 2:4 which might have been involved with the defi- 
nition of the center-of-mass. 

Conclusions. — The moduli matrix formalism has 
shown that local/semilocal strings in Abelian/non- 



Abelian gauge theories with critical couplings always re- 
connect classically in collision. 

While we studied the critical coupling in this Let- 
ter, non-critical region (which can be smoothly deformed 
from the critical coupling) has the same universality, 
since in the moduli space it is described by introduction 
of potential terms along relative position moduli induced 
by attractive/repulsive force between type I/II strings. 
Even for the repulsive case two strings must collide, be- 
cause parts of two strings far from the collision point do 
not feel a force and the potential induced around the col- 
lision point is negligible compared with the total string 
energy. Adding small mass terms breaking flavor sym- 
metry can be treated similarly (sec for example J^). 

The universal reconnection found in this Letter uses 
the moduli space approximation, and is valid below the 
energy scale of the first massive excitation in the soliton 
background. In the case that collision speed exceeds this 
limitation, one needs incorporation of the massive modes. 
As in the case of Abelian-Higgs model, numerical simula- 
tions d, showed robustness of the reconnection even 
for high energy collisions. We hope that, in the future 
observation, this universality may help for distinguish- 
ing solitonic strings from cosmic superstrings/D-branes 
which have lower reconnection probabilities [isj . The 
moduli matrix formalism has opened up new paths to 
analyze BPS solitons. It would be intriguing to apply 
it further to more involved/realistic situations, such as 
cosmic string webs and thermal phase transitions. 
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